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Abstract Recent work has demonstrated the potential for globally optimizing nonconvex
quadratic programs using a reformulation based on the first order optimality conditions. We
show how this reformulation may be generalized to account for fixed cost variables. We then
extend some of the polyhedral work that has been done for bound constrained QPs to handle
such fixed cost variables. We show how to lift known classes of inequalities for the case with-
out fixed cost variables and propose several new classes. These inequalities are incorporated
in a branch-and-cut algorithm.
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1 Introduction
In this paper, we study a mixed integer nonlinear program of the form

1
max ExTQx +clx - fTS,
subjectto 0 <x <$§
x e R*, 8 €{0, 1}". (FCQP)

We refer to this problem as the Fixed Cost Quadratic Program (FCQP). We assume that
Q € R and that ¢, f € R". Even with all the fixed cost variables, §, fixed to one, this
problem remains N P-hard, see for instance [12]. Vandenbussche and Nemhauser [30,31]
studied a branch-and-cut approach to this problem with the fixed cost variables fixed to 1.
Their work is motivated by a classical reformulation by Giannessi and Tomasin [9] of a gen-
eral Quadratic Program (QP) to a linear program with linear complementarity constraints. In
this paper, we show how this reformulation can be extended to QPs with some type of fixed
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cost or capacity expansion variables. We apply this reformulation to FCQP and develop a
number of useful polyhedral results that are incorporated into a branch-and-cut algorithm.

A key observation is that we do not assume that the matrix Q be negative semidefinite,
and hence the difficulties with solving this problem stem not only from the fact that we have
binary integer variables, but also that the objective is a nonconcave maximization. The main
objective of this paper is to propose a general technique that can tackle both these diffi-
culties. In the case the objective is concave, one can take advantage of this structure using
the barrier-based branch-and-cut algorithm in CPLEX or various mixed-integer nonlinear
programming techniques such as those described in Ref. [10]. Hence, we will restrict our
attention to problems with indefinite Q.

Nonconcave QPs have many applications, including finding maximum cliques in graphs
[16] and in water resource management [25]. A significant body of work studying pure
0-1 quadratic problems and their applications exists, as is evidenced by Huang et al. and
Pardalos et al. [13,19,21-23] and the references therein. A variety of global optimization
techniques can be used to solve QPs without integer variables, see for instance [5,18,24,29]
and many others. They can also be solved with a general global optimization solver such as
BARON [27]. Another approach uses the reformulation proposed in Ref. [9], which states
that a bounded QP defined as

1
max ixTQx +cTx subject to Ax < b

is equivalent to

max % (ch + bTy)

subjectto Ax <b y >0
yI(b—Ax)=0
ATy — Ox =c.

The advantage of this reformulation is that it is linear, except for a finite number of com-
plementarity constraints. To take advantage of this, Giannessi and Tomasin [9] suggest a
finite, linear programming based branch-and-bound algorithm that recursively enforces the
complementarity constraints, y7 (b — Ax) = 0. Alternatively, Balas [3] proposed a cutting
plane approach to solve this reformulation. Vandenbussche and Nemhauser [30,31] studied
the reformulation for the case where Ax < b corresponds to 0 < x < e and developed valid
inequalities for the convex hull of complementary solutions. They incorporated these into a
branch-and-cut algorithm which was demonstrated to be computationally advantageous.

Except for general purpose global optimization solvers, the techniques we have mentioned
are not designed to solve QPs that also include binary integer variables. Our goal with this
work is to develop a finite branch-and-cut algorithm for nonconcave QPs with fixed charge
variables, such as FCQP. The main results of this work include:

e A generalization of the above reformulation of QPs that allows for fixed charge variables
on the variables and constraints.

e The development of cutting planes to help tackle this reformulation using branch-and-cut.
More specifically, we obtain a polyhedral description of a subset of the constraints in
the reformulation. A particularly interesting aspect is the lifting of continuous variables
in inequalities valid for the case without fixed charge variables, to obtain facet-inducing
inequalities for the problem of interest (see e.g. proposition 12).

e Computational results presented in Sect. 8 that demonstrate the significant computational
advantages of using a branch-and-cut approach to solve the reformulation of FCQP.
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Constraints of the form x < § with § € {0, 1}" appear very often in the optimization
literature, often referred to as fixed charge constraints [20]. They are fundamental constraints
in standard linear integer programming models such as facility location and lot-sizing (see
for instance [1] and [4]). These types of constraints have received a great deal of attention in
the Integer Programming literature, and many different types of valid inequalities have been
developed to deal with these structures, see for instance [2,11,20]. We point out here that we
do not intend to improve upon this integer programming literature, rather this work attempts
to study how one can accommodate the binary variables when dealing with the nonconcave
objective.

The paper is organized as follows. In Sect. 2, we extend the reformulation of QP by
Giannessi and Tomasin [9] to account for the binary fixed cost variables. In Sect. 3, we define
a subset of the constraints of the reformulation that we will refer to as a one-row relaxa-
tion. This set is the main object of our investigation. In this section, we summarize the main
theoretical results that characterize the facial structure of this one-row relaxation. Sections
4-7 detail the proofs of these results. Section 8 describes some computational results obtained
from incorporating the polyhedral results into a branch-and-cut algorithm.

2 Reformulation

As mentioned above, Giannessi and Tomasin [9] showed that QPs, if bounded, can always
be reformulated as linear programs with linear complementarity constraints. We now show
that this reformulation can be generalized to a class of QPs with binary variables, of which
FCQP is a special case.

We formulate this generalized QP as

1
max ExTQx +clx — fTS,
subjectto Ax < b+ bos
§ € {0, 1}, (GenQP)

where o represents the usual Hadamard product. Note that this formulation includes con-
straints such as x < § but also allows one to model issues such as capacity expansion. Note
also that if b; = 0, then we may eliminate §; from the formulation.

Theorem 1 If GenQP is bounded, then it is equivalent to

1 1 1 -
max Ech + EbTy0 + E(b%—b)Tyl - fTS

subject to ATy + ATy! —ox =¢ Ax <b+bos )
OO —Ax) =0 OHT b +b—Ax) =0
yWoy'>0 § € {0, 1)™.
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Proof For any fixed § € {0, 1}", we can use the result from Ref. [9] to reformulate the
resulting QP as

1 1 -
max —clx+ = (b+b08)Ty
2 2
subject to ATy —Qx=c

Ax <b+bos y>0

yT(b—I—l;oS—Ax) =0.
By introducing the variables y! = § o y and y? = (¢ — 8) o y, we easily obtain a solution
to (1) with the same objective value. Hence, the optimal value of (1) is at least the optimal
value of GenQP.

Conversely, suppose we have an optimal solution (x, 8, y°, y!) to (1). Using the equality
ATy0 4 ATyl — Ox = ¢ and the complementarity constraints, one can see that

1 1 1 - 1
ECTX + EbTyO + E(b +b)Ty! = ExTQx +clx.
Hence, the optimal value of GenQP is at least the optimal value (1). O

Note that this formulation essentially introduces two multipliers for each constraint i, one
for each possible right hand side, b; or b; + b;. Applying Theorem 1 to FCQP, we obtain

max %ch + %eTyl — fTs 2)

subject to  y' +y0 —Qx —z=c 8€{0,1}" 3)
¥y z2=0 0<x<3$ )

Tx=0 (e—x)Ty'=0 xTy0=0 5)

Note that we did not need additional multipliers for the x > 0 constraints since these have
no binary variables in the right hand side. Otherwise, by setting A = I, b = 0, and b=e,
the formulation for FCQP follows trivially from the theorem.

We are interested in solving this reformulation to obtain a globally optimal solution to
FCQP. Our main tool for this will be LP-based branch-and-cut. That is, we intend to relax
the complementarity constraints given in (5) and the integer constraints § € {0, 1} to obtain
an LP relaxation. We will then use branching to enforce the relaxed constraints. However,
this basic approach is not very effective, mostly because of the weak bounds provided by the
LP relaxations. Hence, in the remainder of this paper, we develop several classes of valid
inequalities that can be separated efficiently. At the end of the paper, we will demonstrate
their effectiveness in some computational tests.

3 One-row relaxation

Note that the reformulation of FCQP implies that z,-yl.l = 0and yl.l y? =O0foralli e l,...,n.
Furthermore, given the structure of the problem, we may assume WLOG that z; y? =0.In
order to develop valid inequalities for the reformulation, we propose to study the polyhedral
structure of a subset of the constraints. This is a commonly used technique in the IP literature,
see for instance the use of knapsack inequalities by Crowder et al. [7], and has also been used
in the context of complementarity [8]. This approach was also used by Vandenbussche and
Nembhauser [30] to find valid inequalities for the reformulation of box-constrained QPs. In
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fact, the set we study is closely related to the relaxation they studied. In particular, for any
i € N:={1,...,n}, define a one-row relaxation as the set

WAy —u =X jen aijxj =i
R | yil(lo— xi) = 00 zixi =0
yixi=0 y7zi=0
yWoylzi=0 0<x<e

Ri=100, vl zi,%) €

We also define the convex hull of this set as PR; = conv(R;). Note that the set R; |yp:0 =
{(yio, yil, Zi,X) € R : yiO = 0} is the one-row relaxation studied by Vandenbussche and
Nemhauser [30].

It is not difficult to see that the complementarity constraints imply that R; is bounded,
and hence PR; is a polytope. Knowing this, we can compute upper bounds for y?, yl.l, and

z;. Define

b y,o =Ci +ZjeNl.+ qij,
° yil =c +qii + ZAieN;r gij» and

© i =—c — ZjeNl_— qij

whereN;r ={jeN\i:qg;>0}and N, ={j € N\i:gq; <0} Itiseasy to see that if
le > 0, then yi0 < )7? , with similar conclusions for yi1 and z;. To develop the results in this
paper, we will use

Assumption 1 )7?, )7!.1, Zi > 0 as this is the most complex and significant case. WLOG, we
also assume that q;j # 0V j € N\ i, otherwise we may consider R; to be a set of smaller
dimension.

In the remainder of this section, we will outline the polyhedral characterization of the set
P R;. We will state a number of results that define classes of nontrivial facets, i.e. inequalities
not induced by bounds on the variables. We will postpone the proofs for these results to later
sections.

For convenience, given a vector « € R", we denote A = {j € N\i : a; = 0},
AT ={jeN\i:aj>0Land A~ ={j € N\i:«a; <0} Given a scalar a, we also
denote a™ = max (0, a).

To introduce the first class of inequalities, we choose some B C N \ i and define

Vi=c¢+ Z qij + z qij
jeN\B jeNTNB
and

o = VO ai,ao >0
EjeNl.*\B oj = Ejele\B o o =7
oj = —qijozo VjeB
aj €{0,qj}Vj € N\ (BUi)

SEPE = a) e R*! |

Theorem 2 Suppose @ = B C N \ i is such that V > 0, gq;j + V > 0, and suppose
@°, a) € SEPB witha® > 0, then z; —|—oc0y?—|—zj ajxj < Zia;r defines a facet of PR;.
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A different class of facets arises when B = (. Define

2jen; @) = 2jens ) @i =3
OSOJJ' Sq,‘jVjGNi+
qij = o <0Vj G.Ni

@ >0, a"=%

i

SEP* =1’ a) e R |

Theorem 3 Suppose (a°, &) is a vertex of SE P* and assume that A° # §, then z; + aoylo +
2 <2 a;." defines a facet of PR;.

To obtain the next class of facets, we define
. . |
z/’eN‘f oj— Z/e/vi+ Q) — o =Y;
0<a; <—qijVjeN;

—gij <a; <0VjeNT"
o; <0

SEP':=la eR"|

Theorem 4 Suppose o is a vertex of SE P! and assume that either

o aj €{0,—q;j}VjeN\i,or

 qii <0andci+ 3 jcar qij + 2 jentnao 9ij > 0,

then yil +2 X <2 Otj_ defines a facet of PR;.

The last class of facets we introduce are defined by the following result:

Theorem 5 Suppose that « is a vertex of

— 50
ZjeN; “/'_ZjeN,.*“j =i
0<a; <—gqijVj €N,
—qij = o <0Vje Ni+
Ol,':O

SEPY = {a e R"|

and that ¢; + q;; +ZjeNl.+ﬂA0 qij + 2 jea+ qij > O, then y? +20x; <>, aj' defines
a facet of PR;.

The inequalities defined in Theorems 3 and 4 are closely related to the inequalities defined
by Vandenbussche and Nemhauser [30] for the set R; |on:0. In fact, as we will show, the fac-
ets of PR; described in these two theorems can be obtained by lifting the variable y? into
inequalities valid for R; |v,°=0' However, many of the facets of P R; defined by Theorem 3 are
obtained by lifting y? into a valid inequality that does not define a facet of R;| 10— For those
inequalities we cannot use maximal lifting to show they define facets. We poiﬁt out also that
the inequalities defined by Theorems 2 and 5 do not follow from such simple liftings. The
proofs of these results will be provided in Sects. 4-7. Furthermore, in these sections we will
also show that these theorems identify all the nontrivial facets of PR;, i.e. if an inequality
cannot be identified through one of these theorems, then it does not define a nontrivial facet.

Before proceeding with the proofs, we illustrate the results with an example.

Example 1 Suppose n = 3 and that we have g;. = [3 —4 5] and ¢; = 0. One can check
that )711 = 8,71 =4, and i? = 5. Using PORTA [6], one can verify that the nontrivial facets
of PRy, organized by corresponding theorem, are
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e Theorem 2

71 + 4y? + 4x1 + 16x < 20. Note that in this case, we have B = {2}.
e Theorem 3

21 —4x <0

71 +4x3 <4

a4+ 30 +4x <4
e Theorem 4

vl —8x <0

yi —dx; +4x; < 4
e Theorem 5

yW—5x3<0

4 Basic results

In this section, we develop some basic understanding of the polyhedral structure of P R;. We
begin by characterizing all valid inequalities for PR;. An analogous result for R;[o_ can
be found in Ref. [30] and hence we omit the proof here.

Proposition 6 The inequality

a0 +aly! 4otz + Zajxj <B

JjeN
is valid for PR; if and only if 3 AY, A2, 23, A% satisfying
D (—aip +eapt < ptrta, (6)
jeN
> @i et +qdt + i < -2, )
JENNI
> (—qiiF +apt < B+ 27, ®)
JENNI
> @iirt +apt < p—2ta, ©)
JENNI
M=ol 2 =efat >dl (10)

The following lemma is also a trivial extension of a result in [30].
Lemma 7 If
ozoyl9 —I—Otly,»1 +az + Zajxj <pB
jeN

is a facet of PR;, then there exist A k=1,2,3,4 satisfying (6)—(10) such that A2 =al,
23 =af, and At = o,

Note that we can always use the equality set of R; to eliminate yl.1 from any valid inequality.
Hence we may write a general inequality as

ozoylQ +atz + Za.,x.; < B. (11)
JEN
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In order to prove the next result, it is useful to know the structure of the vertices of the
polytope P R;. Suppose we define LP R; as the LP relaxation of R;, that is LPR; is the
polyhedron defined by all constraints of R; except the complementarity constraints. L P R;
has only one defining equality and hence, for any vertex of L P R;, at most one variable will
not be at one of its bounds. This is very useful thanks to the following trivial lemma whose
proof we omit.

Lemma 8 Any vertex of PR; is also a vertex of LPR;.

From this lemma, we know that if we have a vertex of PR; such that y? > 0, then we
must have yl.1 =0,z =0,and x; € {0, 1} Vj € N. Similar conclusions can be drawn if
yl.1 > 0 or z; > 0. Recall that we define a nontrivial facet as a facet not induced by any of
the bound constraints.

Proposition 9 Given a nontrivial facet (11) of PR;, then o > 0. If a® = 0, then o > 0
and o; = 0.

Proof Since the inequality is a nontrivial facet, there exist distinct vertices of PR;, (0, iil , 0,
x1) and (0,0, Z;, x?), that satisfy (11) at equality and such that ! > 0, % > 0, and x* €
{0, 1}" for each k = 1, 2. Furthermore, because of complementarity, we have that xil = land

xl.2 = 0. For notational convenience, denote X* = {jeN\i: x’/? =1} foreachk =1, 2.

We first show that o > 0. Suppose a? < 0, rescaling (11) by |a®| and redefining the
coefficients, we obtain o y? -zt jen @jXj = B. From the points on the facet, we have

wit+ D aj=Band =%+ > aj=ci+ > (gt =p
jex! jex? jex?
which lmplles that o = _Z[ + Zjex2\Xl o — ZjEXI\XZ aj.

Note that if we were to decrease xl} for some £ € X! by € > 0 and chose € small enough
so that yi1 = iil — gice > 0, then we still have a point in R; that must satisfy the inequality
and hence «; + ZjeX‘ o) tae (1 —€) < B. This implies that ¢y > 0. Using this technique,
one can show that

aj>0VjeX a;<0Vj¢X' aj>—q;jVjeX® a;j <—q;Vj¢X
Using these inequalities, one can show that
—qii < ¢ + th‘jiaiSCi+ Zqij=—2i <0,
jex! jex?
where the first inequality follows because )71.1 =ci+qii +2, jexi dij > 0. Reorganizing,
we get that
—Ci — X jex! 4ij
—_— <
qii

0<

By setting x; equal to this fraction and x; = 1V,j € X!, we obtain a point in R; that violates
(11) since o; < 0 and o; + Zjexl aj = B. Because of this contradiction, we may conclude
that «* > 0.

Now suppose that o = 0. We may now conclude that Zjex2 aj=pB,a;>0Vje X2,
anda; <0Vj ¢ X2 Furthermore, o; = 2 jex2\x1 @) — 2 jext x2 & implies thato; = 0,
as required.
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Now suppose that in this case, we also have that «® < 0. Since Zj€X1 a; = B, itis not
difficult to see then that the inequality o” yl.0 +> jen\i @j =< B is a linear combination of
the bound inequalities —x; < 0V ¢ X!, x;<1Vje X', and —y? < 0. This contradicts
the assumption that (11) is a nontrivial facet, and hence we may also assume that &® > 0 if
at =0. O

Consider the point (0, y}, 0, x!) defined in the previous proof. Using A2 = 0in (7), we
have

B= Zaj+ai < Z Olf+0li§/3-
jex! JEN\I
This implies (7) is tight if the given inequality is a nontrivial facet. Similar arguments can
be used to show that (8) and (9) are tight. We will take advantage of this fact throughout

the next few sections, where we divide facet-defining inequalities into different categories,
depending on the sign of «* and ;.

5 Inequalities with «* > 0 and ; > 0

In this section, we study the facets of P R; of the form aoy? + otz + ZieN ajx; < B with
the property that «* > 0 and «; > 0. Hence, we can rescale an arbitrary inequality to read

4o+ D) ajx; < B. (12)
JjeN

In this case, we can substitute A2 = 0 into (7), A3 = 1 into (8), and A* = « into (9).
Note that, since ; > 0, we may also set A1 = 0in which case (6) becomes equivalent to (7).
Hence, the conditions necessary for the validity of (12) are

> tai =8 (13)
jeNi
—ci + Z (—qij + o))" =8, (14)
JENNI
C,'O{0 + z (qijao +Otj)+ =B. (15)
jeNN

Lemma 10 [f (12) is a nontrivial facet and oa; > 0, then a¥ >0, aj < qij Vj € Nl.+,
aj >qijVjeN ,aj > —qijozo Vje Ni+, and aj < —q,-jao VjeN;.

Proof Suppose we have a facet with a® < 0. From (13) and since o; > 0, it is easy to see
that the same inequality with a® = 0 is also valid, a contradiction. Hence, we know that
a0 > 0.

Now suppose that a; > ¢;; for some j € Ni+. Since o > 0, that means the jth term
contributes to the left hand side of all equalities (13)—(15). Hence, we can decrease «; and
B by a sufficiently small € > 0 and obtain another valid inequality. However, the original
inequality is a now a linear combination of the new one and the bound x; < I, which implies
the original cannot be a facet. A similar argument shows thata; > g;; Vj € N;.

Suppose that j + ¢; a® < 0 forsome j € Nf. Since this also implies that «; < 0, index
j does not contribute to the left hand sides of any of the inequalities (13)—(15). Hence, we
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may increase o; by a sufficiently small amount and remain valid, a contradiction. We omit
the proof for the case j € N; . O

Given a nontrivial facet (12) with ;; > 0, suppose we denote BT = {j € Ni+ caj < 0},
B~ ={j €N, :aj >0},and B = BT U B~. Using Lemma 10 and eliminating
Bi=dit+ 2 e a;r =a; + ZjeNl.'*'\B aj+ 2 jep- @) from (13)(15) to get

Z o — Z aj +a; =7;. (16)

jeN\B JENT\B
¥l + D aj— > aj—a;=0 (17)
jeBt jE€EB™
—gijo’ <a; <0VjeBY 0<a; <q;VjeN"\B" (18)
0<a;<-—qje’VjeB™ qj<a;<0¥jeN \B~ (19)

oto, o; >0 (20)

For any choice of B, the system (16) — (20) defines a polyhedron in R"+!. Clearly, any
facet-defining inequality of the form (12) with o; > 0 must correspond to some vertex of
this polyhedron for some choice of B. If for some vertex, we have a; = 0 for some j € B,
then without loss of generality we can remove that index from B. Hence, we may assume
that o; # 0 Vj € B. At this point, it is convenient to consider two situations, B # ¢ and
B = (. We begin with the former in the next section.

51 B#£0

We now prove a brief lemma that further characterizes the vertices of the polyhedron defined
by (16)—(20).

Lemma 11 Suppose (a°, &) is a vertex of (16)—(20), B # @, and aj #0Vj € B, then

e V>0

o aj=—a'q;VjeB

e ojc{0,qi}VjeN\(BUI)

o Vi = Ci+zj5N,~+\quj+ZjeB* qij >0

Proof Since B # @, a; #0Vj € B,and a; > 0, (17) implies that a® > 0.

To prove the second item, suppose that —g;za® < ax < 0 for some k € BT. We now
show that we can construct two points satisfying (16)—(20) such that « lies on the line-seg-
ment between these two points. We will perturb («?, o) by adding €° to «° and adding € j
toa; Vj € B. All other coefficients will remain unchanged. To ensure that (17) remains
satisfied, we must have that

at D €= > €+ =0 Q1)

jeEBT\k jEB~
Furthermore, to ensure that the inequalities —a¥q; i <a;Vje B \kando i =< —ag; i Vje
B~ continue to hold, we define €; = —qijeo Vj € B~ U BT\ k. Hence (21) requires that
€ = (Zj63+\k qij — 2 jep- qij — y?) €. Since o #0Vj € B, —gixa® < ax <0, and
a® > 0, we can choose €” to be a small enough positive number so that the perturbed (, o)
still satisfies (16)—(20). Similarly, we can make € a negative number close enough to zero
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so that we obtain an opposite perturbation. Clearly, (o?, ) will be a convex combination of
these two perturbations and hence cannot be a vertex. A similar argument can be carried out
if instead 3k € B~ such that 0 < oy < —q,-kozo.

Now define V = ¢; + Zjengr\B qij + 2 jep- qij- Since oj = —gijoe® ¥Yj € B, we
can rewrite (17) as o; = Vab. Clearly, we cannot have V < 0, otherwise we would violate
«; > 0. Furthermore, if V = 0, then a9 can take any nonnegative value and hence an extreme
point solution would have «® = 0. Hence, we may assume that V > 0. Consequently, we
can also assume that ; > 0 and hence it is not difficult to see that any extreme point solution
must have «; € {0,¢q;;} Vj € N\ (BUi). O

Note that in order for inequality (12) to be facet-defining in this case, we must also have
gii +V > 0, otherwise there is no point with yi1 > ( that lies on the facet, contradicting the
fact it is nontrivial. We now show that the necessary conditions derived up to this point are
also sufficient. For convenience, we define

o =Va® a;,a>0
ZjeNj\B oj = Z_,'GN;\B aj Fop =7
o = —L],’jO{O VjeB
oj E{O,q,‘j}VjEN\(BUi)

SEPB =@ a) e RMH! |

We now restate and prove Theorem 2.

Theorem 2 Suppose ¥ # B < N \ i is such that V. > 0, ;i + V > 0, and suppose
(@, &) € SEPB witha® > 0, then (12) defines a facet of PR;.

Proof Define F as an arbitrary face induced by
PO+ !y i+ D wix <d (22)
jeN

and assume F C F, where F is the face induced by (12), the inequality we want to prove is
a facet. We will show that (22) is a linear combination of (12) and the equality set defining
R;. This will imply that (12) induces a facet.

For notational convenience, we will refer to points in R; as (7, s, v, X) where r, s, v will
represent the values of y? , yl.l, and z;, respectively. X will refer to the index set j € N such
that x; = 1, with all other x’s assumed to be 0.

It is not hard to check the following points are in R;, and we will also show that they lie
on F:

W0 = (57,0,0,N;")

v =0,V +¢i,0,(NT\ ByUB~ Ui)
vt = (V,0,0,(N;"\ ByUB™)

v¥ = (0,0,%, N)).

To show that v° is in F, observe that

el =i+ D aj— D«

Oli-i-ZOlj-i- Z oj —ZO{j

jeB~ jeBT jeB~ jEN\B jeN;
=0 0
=pB- Zaj:yicx + Zaj:ﬁ.
jeN; jen;y
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To show that v2 € F, recall that «°V = «; and hence

oV + Z aj =a; + Z aj = p.

je(N; \BUB~ JEWN\B)UB~

The last equality also shows that v! € F. Lastly, we have

Z,-—l—Zotj: z o — Z oj +o; —I—ZO[]‘:,B

JENT jeN\B JENT\B JeN;:
which implies that v* € F. We now show a number of intermediate results:

ni = —qien’ Ve e B

Suppose £ € B~. We obtain another point by perturbing v° slightly, setting x; = € > 0 and
adding g;¢€ to y?. By choosing € small enough so that }_7?+qu6 > Oandsince oy = —g;ea®,
we have

o (3 +eqie) + D a0 +ae =B+ (eeqic + ear) = B,
jeN;

which implies the perturbed point is also on F and hence F. By substituting v° and the
perturbed point into F, we obtain u¥ = —qi ol

Similarly, if £ € BT, we can subtract € > 0 from x, to create a perturbed point that leads
to the same conclusion.

ui = —qien! ¥ e A :={j e N\i:a; =0}

Suppose £ € Nl.+ N A% We perturb v! by subtracting € from x, and adjusting yl.1 appro-
priately. Note that if € is small enough, then V + ¢;; — €g;¢ > 0 and since ¢ € AY, the
perturbed point is also on ¥, and hence on F. Substituting both into the inequality defining
F and equating, we obtain the desired result. By increasing x¢ by € if £ € N;” N A, one
can derive the same result.

ui = qien VL e N\ (BUA®Ui)

Suppose that £ € N; \ (B Y, AO). We perturb v® by subtracting small enough € > 0 from
x¢ such that z; = z; + €gi¢ > 0. Since ay = gj¢, it is easy to see this point is in F. Again,
we substitute both points into (22) to obtain the desired result. The other case is similar.

We now show that u; = (' + pdHe; — w'qii. Substituting v! and v? into (22) and
eliminating common terms, we get

(V+agin' +uf + Z W= Zip® + Z W
JeN\B JENT\B

Substituting in the previous results as necessary, we obtain

e+ D a+ D a | trlaibai+ DL

JEN;\(BUAY) jE€B™ JEN\(BUA®)
— 2 . . i, .
=K =G — qij — qij | — qij L -
jeB” JENTNA? JeNTNAO
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From (16), we have that
o = —Ci — Z qij — Z qij — Z qij-
JjeB~ JENTNAO jeN\(BUAY)

Hence, we may conclude that 1} = —qip! + (' 4+ pHa;. )
Next, we show that 10 = ! + (u!' 4+ u?)a®. Using the fact that v2 and v! are in F, we
have

Vil DT i+ D= Vg + D w4 D+
JENT\B jeB~ JjEN\B jeB™
Hence,
V( 0_ 1 _ 1 .. X _ 1 z R 1 z 0
W= ) =pngi+u; =@ +p)e =@ +u)aV,

which, since V > 0, implies the desired result. From here, simple algebraic manipulations
show that

d=/L]C,'+(,u1+/LZ) o + Z Olj-i-ZOlj
JENI\B JEB~

Combining all these results, we have shown that u! x (y? + yi1 —Zi — ZjeN qij = ¢i) +
(u' 4+ u?)x(12) is equal to Moy? + /L]yil + utzi + ZjeN u);xj < d, as desired. O

52B=90
If we assume that B = (4, then (16)—(20) simplifies to define the following polytope

ZjeNi+ aj — ZjeN; aj o =3
OfdijijVjGNi+
gij =aj <0VjeN~
>0, a"=%

i

SEP* = { (% a) e R" |

While any (a°, @) € SE P induces a valid inequality of the form (12), clearly only verti-
ces of SE P* can induce facets of P R;. In the remainder of this section, we will characterize
those vertices of SE P* that yield facets. We begin by identifying facets that result from
lifting facet-defining inequalities of R;| 30=0 introduced by Vandenbussche and Nemhauser

[30]. Again, we define AT ={j e N\i:a; > 0O}and A = {j e N \i caj =0}
Proposition 12 Suppose (a°, ) is a vertex of SE P%, then if

o a;j €{0,qgij}VjeN\ior
e gii <0and K :=c¢; + qii +Z_,»EA+ qij +ZjeA0mN; gij <0,

then (12) defines a facet of PR;.

Proof Vandenbussche and Nemhauser [30] showed that if either of the conditions of the
proposition hold, then z; + ZjeN ajxj < ZjeN a}' defines a facet of conv(R; |yp:0). We
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will show that if we maximally lift y? into the inequality, its lifting coefficient is %’ proving
the desired result. The lifting problem reads h
[ X —aixp) oz
9=m1n( . 5 I(yi],y?,z,-,x)eRi,le>0 .

i

Using the fact that y? > 0 implies that x; = 0, yl.] =0, and z; = 0, the lifting problem may
be simplified to

. [Oli T2 jent (1= x)) = 3 jen-)x;
6 = min : :

yO |(O7y,Q,O,X)GR,',le>O].
i

It is easy to see that an optimal solution to this problem is to set x; = 1 Vj € N;" and

xj =0Vj e N Ui, since this minimizes the numerator and maximizes the denominator.

Hence, the lifting coefficient is 6 = ‘;—6. O
Vi

Note that the argument used in the proof does not rely on the two conditions of the propo-
sition. However, if neither of the conditions are satisfied, then the inequality does not define a
facet of conv(R;| y.0=0) and hence we would not be able to guarantee that the lifted inequality
defines a facet. We now restate Theorem 3 which shows that lifting some of these nonfacets
does indeed yield facets of PR;.

Theorem 3 Suppose (a°, @) is a vertex of SEP?. If A° # (), then (12) defines a facet of
PR;.

Proof Because of Proposition 12, we may assume that 3k € N \ i such that oy ¢ {0, gix}.
Since (¥, a) defines a vertex of SE P?, this implies that o;; = 0 since we cannot have two
or more variables not at their bounds at a vertex. Hence, we also have that «® = 0.

Since ZjeNf o) — ZjeNi_ o = z;, it is not difficult to show that

K :=ci +gqgii+ z gij + Z gij = |qix — okl + gii.
JEAT JjEAONN;

If K < 0, it must be the case that ¢;; < 0 and hence the second sufficient condition of
Proposition 12 applies to show the inequality is a facet. Hence, we may now also assume that
K > 0.

Define an arbitrary face F as before and assume F C F , where F is the face induced by
(12), the inequality we want to prove is a facet.

The rest of proof continues in much the same way as the proof of Theorem 2. We construct
various points in F and F that help characterize (u°, b, u?, p, d) sothatthe inequality defin-
ing Fis nothing but a linear combination of (12) and the equality yio—i- yil —zi—>, j4ijxj = ci.
Two key claims that must be shown state that u; = —ulgin+ (' + )y and that 10 = !
(recall that since o; = 0, o’ =0as well). We refer the reader to Ref. [15] for the details. O

What remains in this section is to show that any inequalities that do not satisfy the sufficient
conditions of Proposition 12 or Theorem 3 cannot define a facet of PR;.

Proposition 13 Suppose (o, «) is a vertex of SE P. If A = @, then (12) does not define
a facet of PR;.
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Proof Observe that since A” = (), we have that K = 3! > 0. Furthermore, suppose o = g;;
forall j € N \ i, then since > j laj| = zj, we have j? = 0, contradicting Assumption 1.
Hence the sufficient conditions of Proposition 12 do not apply. We begin by assuming that
k e N[+ is such that 0 < o < gjr. We will show that (12) is not a facet by constructing two
valid inequalities such that (12) is a convex combination of the two.

Define o' = o + (gix — ar)ex — (gix — ox)e; and B! = B, where ej is the jih
unit vector. We can have (a!, ﬁ]) satisfy (7) with 22 = 0 and (8) with A3 = 1. Recall
thlat (gix — k) + qii = K and hence —g;; + ozil < 0, which means we can satisfy (6) with
A =1

We now show that we can satisfy (9) with A* = % Note that (gix —ax) +qii = K = )7[.1
implies —(gix — o) = — )_Iio and hence A* = —1. This makes (9) equivalent to (8), which is
already satisfied. This implies that the inequality z; + ‘;—‘:, y? + Zj o /l xj < B is valid.

The second perturbation is defined by o = a — e + age; and ,82 = B. Clearly, (7)
and (8) are still satisfied. Since oti2 > 0, we can satisfy (6) by setting A1 = 0. Lastly, we want
2
to show that (9) holds for A* = % = ‘:—5 We have

i

et D Glaip+apt =1t + D (i o))

JENNI jen;t
=)\.4y?+ Z aj =ap+ Z aj = B. (since o; =0)
JENT\k JeNT\k

2
Hence, we have shown that z; + (;—f)y? + Z/. O[?x/ < B2 is valid. It is now easy to see that
% x (a!, BN + ’1"’;7__:”‘ x (a2, B%) = (a, B), which implies the original inequality is not a
fqacet.
If alternatively we have k € N;~ with gix < ax < 0, then we define
o = o — |gik — arlex — |gik — axle; B =B —lgik — axl, and

o = o + |aglex + |akle; B> =B+ lol.

From here, the proof proceeds much like the case for k € N i+ and we omit it here. O

6 Inequalities with «* > 0 and ; < 0

In the previous section, we have characterized those inequalities of the form (12) withe; > 0
that define nontrivial facets. Our objective in this section is to show that for any nontrivial
facet (12) with o; < 0, we must have a9 = —1. From this fact, one can then easily show that
all such facets are equivalent to a set of facets of R;| 0_, characterized by Vandenbussche
and Nemhauser [30]. We begin with a simple lemma. '

Lemma 14 Suppose (12) is a nontrivial facet with o < 0 and let A* for £ = 1,...,4 be
obtained from Proposition 6, then —1 < —1! < a® < 0,0 < aj < gqij Vj € Nl.+, and
qgij =oj < OVj € Ni_'

Proof From the results in Sect. 4, we know that we can set A2 = 0in (7), A> = 1 in (8), and
A =a%in (9). If«® = —1, then (8) and (9) are equivalent. Hence, we may conclude that the
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a® > —1. Since the inequality is a nontrivial facet, we know there exist points ( )7?, 0,0, X%

and (0, &il, 0, X' Ui) in R; with )7? , )7} > 0 that lie on the facet. Hence, we have that

Zoej—l—ai:o{o ¢ + Zqij + ZO{]'.

jex! jexo jexo
It is easy to show that or; + aoq,-j >0Vj e X%and aj + ozoq,-j <0V ¢ X° Hence, we
may conclude that (ci + 2 jex! fIij) a® < ; < 0. Now suppose that «” > 0, then we may

*Cifzjexl qij <1
qii ’

ii

conclude that 0 < —¢; — Z/exl qij < gii- This then implies that 0 <

By setting x; equal to this fraction and x; = 1 ¥j € X!, we obtain a point that violates
(12) since «; < 0. Hence, we have shown that a® < 0. Furthermore, if ® = 0, then since
a; < 0,(7) and (9) cannot be tight simultaneously. But this is a contradiction, since the points
()7?, 0,0, X% and (0, jzil, 0, X! U i) show that these two inequalities must be tight.

Note that if A! > 1(< 0), then we may increase the coefficient of z; (yil) and maintain
validity. Hence, we have 0 < Al < 1. Furthermore, if A! = 0, then (6) would contradict (7)
since o; < 0.

Now suppose thatr; < 0 forsome j € Nl.+. Since ' > 0anda® < 0, we know that index
J does not contribute to the left hand sides of (6)—(9). Hence, we can increase «; without
violating validity, a contradiction. If o; > g;; for some j € Ni+, then we can decrease o
and B and maintain validity. A similar argument shows g;; <«o; <0Vj e N; .

Finally, to show that a0 > =1 note that if this were not the case, then we could use —2!
as the coefficient of le and still have a valid inequality, a contradiction. O

We intend to show that if the inequality is to be a nontrivial facet, then we must have

o® = —1. We accomplish this with lemmas 1618 that each handle a different case cor-

responding to the sign of ¢;;a® + ;. The proofs of these lemmas rely on the creation of
two valid inequalities such that the original inequality is a convex combination of these
two. The following lemma shows some sufficient conditions to obtain the required two valid
inequalities.

Lemma 15 Suppose z; + aoy? + Zj ajx; < B is avalid inequality for PR; and define

ol =a+ Zj €je; and gl = ZjeNl.‘ €;. Suppose that 0 < a} <gqijVj € NZ.+, qij < a}

<0Vje N, and that
Gt D =2 ¢
jen;t JjeN;
then
° Olil > 0 implies that z; + ZJ- oc}xj < Blisvalid,
o —qii +a} <O0implies that z; — y° + > Ol}xj < Bl is valid.
Proof This lemma is a simple generalization of Proposition 11 found in [30]. O

For notational convenience, we denote F = {j € N \i : «; ¢ {0, g;;}}, Ft=Fn Nl.+,
and F~ = FNN; .

Lemma 16 Suppose (12)is avalid inequality withe; < 0, —1 < o® < 0, and ¢;;a®+; < 0,
then the inequality cannot be a facet of PR;.
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Proof Note that in this case, we may set A! = —a in order for (6) to hold. Now suppose

that qikao + g < 0 for some k € FT. Given that A2 = 0, A3 = 1 and A* = o, one can see
that there exists € > 0 small enough so we may define ¥ = @ — €¢; + €¢; and ensure that &
satisfies (6)—(9). Hence the inequality z; + o y? +> j a;jx; < fis valid. The opposite per-
turbation clearly also defines a valid inequality, which shows the original inequality cannot
be a facet. Hence, we may assume that q,]a +a; >0Vj € FT.

Now suppose that g;; o 04 o > Oforsome k € F~. Then we can define & = o +ee+ee;
and ﬂ ﬂ + € for a small enough € > 0 so that (&, ﬂ) satisfy (6)—(9). Hence, the inequality
zi + o y; 04> jajxj = B is valid. Again the opposite perturbation also yields a valid
inequality. Hence, q,-jozo +a; <0VjeF.

Furthermore, a similar argument shows that we cannot have k1, k; € F such that ¢;, Zao—i—
ap > 0 for £ = 1, 2. Analogously, we cannot have k1, ko € F~ such that q,-kzozo +ap <0
for £ = 1, 2. Lastly, one can also show that we cannot have some k; € F™ such that
qiklao + ay, > 0 and some k, € F~ such that qik2a0 +ag, < 0.

This leaves us with three possible cases to consider:

Case 1 gija’+a; =0VjeF
Case 2 qikozo—i—ak > 0 for some k € F+ andqijao—i-otj =0Vje F\k
Case 3 q,-kao—i—ak < O forsome k € F~ andqijozo—i—aj =0Vje F\k

For the sake of brevity, we only prove this for case 2, as the other cases are very similar.

To prove the result for this case, we will create two valid inequalities such that the original
is a convex combination of these two. To ensure their validity, we will define the two new
inequalities so that they satisfy the necessary conditions defined by Lemma 15. To define the
first inequality, we set

al:a—ekek— E ejoj — e — E e

JEFT\k jeF~

and

1=,3— Z()lj.

jeF~

In order to ensure that («!, 8') satisfies the conditions set forth in Lemma 15, we need
that —a; — ZJ»E}H\,( o —€ = — ngFf o, which uniquely defines €. To show that
0< a,} < gix, we must perform some calculations.

After defining A;}' ={je Nl.+ caj =gijtand Ay = {j € N; : a; = 0} and substituting
appropriate values for A!, A2, and 13, we may rewrite (6)—(8) as

o+ D" o+ D @+ Dgij + @ gqix + o) = B, (23)
jeAy jeAs
ait D g+ Y. =4 (24)
jeAy JjEFT
—ci+ D (=g + D (e —qij) = B. (25)
jeAy JeF™
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Combining equalities (23), (24), and (25) using multipliers —1, 1 +a®, and —a®, respectively
and using the fact that o; = —aoqij Vje F~,weget

— @ gix +ap) + 1+ | o + oy + Z @ — Zai

JEFT\k jeEF~
=g —a) + (U +a)) [ai+ D aj— D aj|=0. (26
JeEFH\k JjeF~

Note that the second part of (26) states that —ao(q,-k — ) + (1 + % (=€) = 0. Since
qik — o > 0, —aY% > 0,and 1 + «® > 0, we have that €r > 0. Furthermore, since
aoéﬁk 4o > 0, the first part of (26) shows that oy — €, > 0. Hence the conditions of Lemma
15 are satisfied and we may conclude that the inequality z; + > j a}x i <8 !'is valid since
ozil =0.

To generate the second inequality, we define

o =atealgn—a)+ D, ejlq—a)) —ee— D ej(@;—qi)

JjeEFH\k jeF—
and
B=B— D (@ —q).
jeF~
From Lemma 15, we require that —e; + ZjeF+(qij —j) = _ZjeF* (j — gij). By

applying o; = —aoqij Vj € F \ k, we may rewrite (26) as

—o® (g —a)+ D @ij—ap)+ D (@j—gp) | + 1A+ =0. (27)
JEFT\k jeF~
This equation can also be written as o; + OlO(Oli —€;) = 0. Adding and subtracting g; a0, we
obtain (o; + qi,-ozo) 4+ —€ — gii)- Since we have assumed that o; + qiiao < 0, we have
that o; — €; < ¢j;. Hence, Lemma 15 implies that the inequality z; — y? + Zj (X?xl' < p?
is valid. From (26), (27), and a; = —aoqij Vj e F\ k, we have

2 1
() e ()= ()

from which we can conclude that the original inequality is a convex combination of the two
generated inequalities. O

Lemma 17 Suppose (12) is avalid inequalitywitho; < 0, —1 < a® <0, andqiiao—i—ai =0,
then the inequality cannot be a facet of PR;.

Proof Again, we may assume that ' = —a®. Using perturbation arguments as in the previ-
ous lemma, we can show that we cannot have

o ki, ky € FT(F~) such that g, + g, > O for € = 1,2,
o ki, ky € FT(F7) such that %y, +ax, < 0forl = 1,2,
e ki € FT,ky € F~ such that ozoq,-k1 + g, > 0and ozoql-k2 + ag, < 0 or viceversa.
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This leaves us with a limited set of possible situations:

(a) If 3 k; € F7T such that aoqikl + ag, > 0, then there is at most one index k, € F
such that «®g;r, + ax, # 0. Either k; € F* with «®¢;x, +ax, < 0 or kp € F~ with
aoqz'kQ +ag, > 0.

(b) If 3 k; € F~ such that oz()q,-kl + ai, < 0, then there is at most one index k; € F
such that «®qix, + o, # 0. Either ky € F* with a®gix, + o, < 0 or kp € F~ with
otoq,-k2 + o, > 0.

For each of the possible resulting cases, one can show that two valid inequalities exist such
that (12) is a convex combination of these two. These inequalities are different for each case
but can be derived the same way as was done in the proof of Lemma 16 and so we omit the
details here. We refer the reader to Ref. [15] for further details. ]

Lemma 18 Suppose (12)is avalidinequality witho; < 0, —1 < oV <0, andq,-iao—i—ot,- > 0,
then the inequality cannot be a facet of P R;.

Proof In a certain sense, this is the most difficult case as we cannot assume that pRp——
Note that if it were, (6) would contradict the fact that (9) is tight with 2% =al To proceed,

we require some notation. Define
FO) = =cir+ D (=aqijh+ o))t
jeN
Note that (6) is equivalent to f ah < B. We break this proof into two cases:

Case 1 31! € (0, 1) such that f(A') < B
In this case, we can use the fact that ¢;;a®4+; > 0in a simple perturbation argument
as before to show that

q,'j()l0+(,¥j >0Vje Ft and q,‘jOlo-i-Olj <0VjeF .

Using this, we may write (7)—(9) as

ai+ D g+ D =4 (28)

jeAT JeFt
—ci+ D (—aip)+ D (@j—q;y) =B 29)
jeAs jeF-
aci+ D %+ > @+ Dgij+ D@ gij+a) =4 (30)
jeAy JjeAT jeFt

Combining (28) and (29), we obtain:
ai=|=ci— D qi— D qii— > @ |- D i+ D e GD
jeAy JjeF~ jeAs jEFt jeF-

By summing (30) + a%x (29) — (1 4+ %) x (28), we obtain

— @+ D+’ | D @ij—ep)+ D (@j—aqp) ]| =0. (32

JEFT JjeF~
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B8

0 A 1

Fig. 1 Example of f(%)

Denote
6= > (qj—ap+ > (@ —qy) >0.
jeFTt jeF—

Rewriting (32), we get (@ + Do — a%; = 0. Adding and subtracting aoqu’, we
obtain a®(—gi; + i — &) + (@i + i) = 0. By assumption, the second term is
positive, and since oY < 0, this implies that —g;; + o; —€; > 0.

From (31), we have that

a—€&=—ci— D qij— > qij— D qij <0
jeAy JjeF* jeAy
Since —gq;; + o; — €; > 0, then we get that
—Ci = 2jeag 9ij — 2jeaj dij — 2jer+ dij

0< <1,
qii

By setting x; equal to this last quantity and setting x; = 1 Vj € Ag UAF U F*, we
get a feasible solution of P R; that violates (12) since «; < 0.
Case 2 minyepo,1] f(A) =B

It is not difficult to see that f (1) is a convex piece-wise linear function, where the
breakpoints occur when —Ag; ; +a; changes sign for some j € F'Ui. We will denote
a point at which the minimum is attained as A*. Figure 1 depicts an example of one
such f ().

Note that we may assume that A* is a breakpoint of f(-). Furthermore, we must
have that A* > —aY. Since qiiao + o; > 0 implies that ¢;; < 0, we may also
conclude that —g;; A* + «; > 0. Choose some € > 0 small enough so that there are
no breakpoints of f between 1* — ¢ and €. Since A* is a minimizer of f(-), we must
have that the slope of f at A* — € must be nonpositive, i.e., f'(A* — €) < 0. Define
X ={jeF:—qjA* —e€)+aj >0} Itis easy to see that

F'O*—e)=—ci —qii — Z qij — z qij — qu'j <0
jeAy jeAS jexe

By setting y! = —f'(A* —€) and x; = 1 V,j € Ay UAS UX€ Ui, we have feasible
a point in P R;. This point must satisfy (12) and hence we have

oci—l—Zqij-i-Zothﬁ (33)

. + i €
jeA] jeX
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Furthermore, f(1*) = B implies that

— A = Mg o — ) Mg+ D (L=qij+ D (@) — Mg =B
jeAy jeAy jexe
(34)

Subtracting (34) from (33), we find that —A* f'(A* — ¢) < 0, which implies that
f/(A* —€) = 0. This means that the breakpoint to the left of A*, say X, also satisfies
f ) = B.If —Xqii + «; > 0, we can repeat the argument and move left again.
However, we have that —Ag;; + o; > 0 VA > —a0, which implies that the slope
of each line segment of f between —a® and A* is zero. Therefore, f(—a®) = 8, a
contradiction. O

Lemmas 16—18 show that if ; < 0, then we may assume that if (12) defines a nontrivial
facet, it is of the form

=¥+ D ax; < B. (35)
JEN
In the remainder of this section, we would like to characterize these inequalities to be

exactly a class of inequalities defined by Vandenbussche and Nemhauser [30] for R;|,0_.
We begin by showing

Proposition 19 If inequality (35) is a nontrivial facet with o; < 0, then we must have that
—qii +; < 0.

Proof A similar result is shown by Vandenbussche and Nemhauser [30] for inequalities
Zi + Zj ajx; < B valid for the set Ri|},Q:0. The authors assume that ¢;; < «; < 0 and

show, for an exhaustive list of cases, that z; + > jajxj = B is a convex combination of
two inequalities z; + > j ozf xj < lgﬁ for £ = 1, 2. While the choice of these two inequalities
varies case by case, they all satisfy ZjeN\l- (—qij + otf) = B%+c;. Because of this, it is easy
to see that z; — le + Zj aﬁxj < B is valid for R; and hence the result follows. O

Using the equality y! + y? — z; — 2. j4ijxj = ci and defining & = j — qij Vj € N
and 5 = B + ¢;, we can rewrite inequality (35) as
vit D ajx; < p (36)
JjeN

such thate; < 0,0 < a;j < —¢q;j Vj € N; ,and —g;; < a; <0 Vj € Ni+. Since the
inequality is a nontrivial facet, we can satisfy (7)—(9) by setting A = 1 and A3 = A* = 0. By
proposition 19, «; < 0, and hence we can satisfy (6) by setting A1 = 0. Hence, from these

four inequalities, we now have just two distinct ones:

ci + (qii +a;) + Z (gij +aj) =B

jeNt
D =ph

JjeN

i
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Substituting out /§ , we find that we must have

Sl
Zjezv; aj — Zje/v,.+ Aj — o =Y,
a€jaeR" 0<aj<—q,VjeN = SEP!
—qij <aj <0VjeN"

Vandenbussche and Nemhauser [30] showed that if « is a vertex of SE P!, then if either

(A) aj €{0,—q;j} Vj e N\i,or
B) ax ¢ {0, —qix} forsome k € N \ i, gi; < 0, and

at+ D ai+ >, ai;>0. (37

JENT ;>0 jeNt ;=0

then (36) is a facet of R; Iypzo.

They also showed that if either of these conditions are not met, then the inequality does
not induce a facet. Using a simple lifting argument, we show that if we maximally lift the
coefficient of yi0 for either of these cases, we get a coefficient of 0 and hence (36) is also
facet-defining for P R; in those cases. This will prove Theorem 4, which we restate here.

Theorem 4 Suppose « is a vertex of SE P and suppose either (A) or (B) holds, then (36)
is a facet of PR;.

Proof By our previous observations, we know that such an inequality defines a facet of
Rily0_y- We now show that maximally lifting y? yields a coefficient of 0. For convenience,
1

define AT ={j e N :a; >0, A" ={j e N\i:0o; =0}, and A~ = {j € N; : a; < O}.
The lifting problem reads
1
0 [ DN @ T 2 X Y,
o = min
0
Vi

) [ ZjeN; aj— ZjeN\i ajxj
= min

| 62 vz, %) € Riyy?) > 0]

0

i

| (32,0,0,x) € R;, y? > o]

. [ZjeA‘*' aj(l—x;) - ZjeA— aj
= min

X,
b ! |(y?,0,o,x)eR,~,y?>0]. (38)
Yi

It is easy to see that the numerator in (38) is nonnegative. Hence, any solution that makes the
numerator O and has y? > 0 will be optimal for (38). To do this, we mustsetx; =1V € AT
and x; =0V,j € A™. Note that we must also have x; = 0 since y? > 0. In order to make y?
as large as possible, we setx; =0Vj € N, NA%and x; = 1 ¥j € N" N A", This implies
that we have ylp =c+ Zq,efﬁ qij + ZjengrﬂAo gij- Note that if (B) holds, then y? > 0 and
hence the optimal value of the lifting problem is o® = 0.

We now show that yi0 > 0 when (A) holds. We have that o; € {0, —g;;} Vj € N\ i.
Since « € SE P!, we have that ZjeN laj| = )')l.l, which in this case implies

- — Z qij + 2 qij = Z qij +qii + ¢i.

JjeAT jeA™ JjeN;T
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Rearranging, we get

0
Vi =c¢i+ Z gij + Z gij = —(i + qii)-
jeat JjeN;TNA®
However, observe that «; + g;; < 0 since o; = «; — g;; and we have assumed «; < 0.

We have now shown that the optimal value of the lifting problem is «® = 0 when either
sufficient condition holds, and hence (36) is a facet of P R; under these circumstances. O

‘What remains is to show that if neither of the sufficient conditions above hold, then
inequality (36) cannot define a facet.

Proposition 20 Suppose that o is a vertex of SE P and assume that ay ¢ {0, —qix} for
some k € N \ i. If either q;; > 0 or (37) does not hold, then (36) cannot define a facet.

Proof Much as in the proof of proposition 19, we observe that we can use proofs of equiv-
alent results for R; |,0_¢ (see propositions 15 and 19 in Ref. [30]). Again, those proofs find
two inequalities valid for R;| 0_ such that (36) is a convex combination of these two. It is

easy to see that in this case, these inequalities are also valid for P R; and hence the same
result holds here. O

7 Inequalities with a* = 0

In this section, we characterize all nontrivial facets (11) of PR; that have «* = 0. From
Proposition 9, we know that « > 0 and ;; = 0 in this case and hence such inequalities may
be written as

WA D B (39)
JEN\
Proposition 21 Suppose that (39) is a nontrivial facet of P R;, then
b ZjeN\i laj| = i?
(] OSOlj = —qij VjGNi_
o —gij<a; <0 VjGN;_

* p= Ziezvf ®j

Proof By setting 2'=0,22 =0, and A3 = 0 and since a; = 0, (6), (7), and (8) can be
written as

> af =8 (40)
JENNI
By setting A* = 1, (9) becomes
cit+ D (gij+apt =8 (41)
JENNI

Suppose that o; > 0 for some j € Ni+, then one can decrease both «; and 8 and (40) and
(41) would still be satisfied. But then the original inequality is a nonnegative combination of
this new inequality and the bound inequality x; < 1. Hence, in any nontrivial facet, we must
havea; <0 V) € Ni+. If aj < —g;j for some j € Nl.+, then index j does not contribute
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to the left hand side of (40) and (41). Hence we can increase this coefficient and maintain
validity, which implies the inequality could not be a facet. From this we may conclude that
aj > —qijVj € Nl.+. Similarly, one can show that 0 < oj < —g;; Yj € N; . By equating
(40) and (41), the rest of the proposition follows. ]

Because of Proposition 21, we are led to define
=0
ZjeN; ®j - ZjeNjr ®j =i
0<a; <—gqijVjeN;
—qij =oj < 0Vvj e Ni+
o = 0

SEPY = {a e R"|

Clearly, any facet of the form (39) must be such that « is a vertex of SE PY. Furthermore, in
order to have a point with yl.1 > ( that lies on the facet, we must have

K% :=ci +qii + Z qij + Z‘Iij>0’ 42)
jENi+mAO jeAT

where A = {j e N\i: aj =0}, AT ={jeN\i: a; > 0}. Theorem 5 states that the
above conditions are sufficient for (39) to define a facet of P R;, we repeat it here.

Theorem 5 Suppose that o is a vertex of SE PV and that (42) holds, then (39) is a facet of
PR;.

Proof The proof of this result requires the construction of a number of points that lie on the
face defined by (39). Since the proof proceeds in much the same way as that of Theorem 2,
we again refer the reader to Ref. [15] for details. m]

8 Computational results

To demonstrate the use of the facets described in the previous sections, we have implemented a
branch-and-cut algorithm using the MINTO framework [17]. Although intended for solving
mixed integer programs, this framework allows one to implement LP-based branch-and-
bound algorithms that branch on other entities (such as complementarity constraints) as well.
The framework requires an LP solver to solve the nodes of the branch-and-bound tree, for
this we used CPLEX 9.1 [14]. The runs were executed on a Linux PC with a 2.4 GHz Intel
Xeon processor and 1 Gb of RAM.

We briefly describe the cuts that were used and how they were separated. Recall that
the sets SEP°, SEP?, and SEP! are all continuous knapsack sets, that is, they have one
equality constraint and otherwise contain only bound constraints. Consequently, optimizing
over them can be done very quickly with a sorting algorithm, see [31] for similar separation
problems. Note that by using these separation techniques, we may add inequalities that are
valid but do not define facets of P R;. Given the ease with which the separation can be carried
out, we add these inequalities nonetheless. We have not yet developed a way to choose B
appropriately to separate cuts that can be derived from SEPZ. We leave the separation of
these inequalities to future work. Some initial computations indicated that using MINTO’s
separation routines for standard IP inequalities such as flow covers was not effective, so we
turned off all standard MINTO cut generation.

After some experimentation, we found that branching on violated integrality constraints
first, before branching on complementarity constraints yielded reasonably good results.
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Hence after solving an LP at a node, the algorithm checks to see if any binary variable
is fractional and, if so, branches on it. Otherwise it uses a maximum-violation strategy to
select a complementarity constraint on which to branch. For example, given an LP solution
(', 39, z, %), we compute argmax; .y {Z;¥; /Z;} to find the maximally violated complemen-
tarity constraint z; x; = 0. We carry out similar computations for the other complementarity
constraints and branch on the most violated constraint. For instance, if branching on the
constraint y?x,- = 0, then the branching dichotomy is

(7 =0V (xi=0.y/ =0,z =0).

Note that we include z; = 0 in the second branch since we can assume that y?zi =0.

From a result by Rosenberg [26], it is easy to see that if ¢;; > 0 for some i € N, then there
exists an optimal solution that has x; € {0, 1}. Our branching rules reflect this by defining
the branching dichotomy for an index i with g;; > 0 as

(xi:O,yil:0)\/(x,-:1,y?:0,z,-:0).

Cuts are added at every node, using as many rounds as necessary to exhaust all violated
inequalities. Since these cuts are very easy to generate, we also deactivate rows very aggres-
sively, removing a cut from the active LP if the corresponding dual variable has been zero in
more than two consecutive LP solutions.

To initialize the LP relaxation, we include the following valid inequalities:

1 _ =l . =0, =0 -0 s
Vi <ViXi, i +7ixi <%, ¥y Y xi Sy VieEN

These inequalities follow immediately from complementarity and are included in the initial
LP and are not subject to the row deactivation scheme.

We also initialized the branch-and-bound algorithm with an initial feasible solution. We
obtained this solution by finding a locally optimal solution of the QP

1
max ExTQx + (¢ — f)Tx subjectto 0 < x <e,

and using this x to construct a feasible solution (x, §) to FCQP. We use MATLAB’s optimi-
zation toolbox to find a locally optimal solution. We only used this primal heuristic once, at
the root node of the search tree.

We randomly generated a set of 39 instances with different sizes and densities for the
matrix Q. The nonzero entries of Q and ¢ are random integers in the range [—50, 50] while
the fixed costs f are random integers in the range [0, 50]. Instances are labeled asn —d — s,
where 7 is the size, d is the density, and s is the seed used to generate the instance. We solved
the instances with and without generating cuts. For the purposes of comparison, we also
solved these instances using BARON 7.5 [28] with a 0.001% relative optimality tolerance.
The default optimality tolerance in MINTO is 0.0001 %. All runs were given a 4000 second
time limit. Due to memory limitations, we limited the branch-and-bound runs to 1 million
nodes. The results are reported in Table 1. For those instances that did not terminate within
the time limit, we list the relative optimality gap as a percentage in the CPU column, marked
with a (x). Similarly, for instances that reached the node limit, we list the gap marked with a
(). Note that CPU times were rounded to the nearest integer.

The results clearly indicate the strength of the inequalities and their ability to solve the
same instances in significantly less time compared to plain branch-and-bound or BARON.
While branch-and-cut finished all but four instances in the allotted time, branch-and-bound
did not prove optimality for 21 instances. BARON was not able to complete 23 of the 39
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Table 1 Computational results with baron, branch-and-bound (B&B), and branch-and-cut (B&C)

Name Objective value CPU (s) or Gap (%)

Baron B&B B&C Baron B&B B&C
20-080-1 550.50 550.50 550.50 0 0
20-080-2 198.50 198.50 198.50 0 0
20-080-3 489.56 489.56 489.56 5 1 0
20-090-1 445.50 445.50 445.50 33 3 1
20-090-2 201.00 201.00 201.00 41 2 1
20-090-3 246.50 246.50 246.50 12 1 1
20-100-1 479.50 479.50 479.50 112 3 1
20-100-2 309.50 309.50 309.50 62 6 1
20-100-3 403.00 403.00 403.00 98 4 1
30-060-1 606.00 606.00 606.00 3,173 286 8
30-060-2 269.50 269.50 269.50 2,864 24 4
30-060-3 829.00 829.00 829.00 55 3 1
30-070-1 766.50 766.50 766.50 * 18.39 38 8
30-070-2 431.78 431.78 431.78 *40.98 220 19
30-070-3 885.00 885.00 885.00 478 * 4.65 4
30-080-1 897.00 886.50 897.00 * 19.17 *4.88 8
30-080-2 319.00 319.00 319.00 *49.62 80 13
30-080-3 1134.50 1134.50 1134.50 114 3 2
30-090-1 802.50 796.50 802.50 *39.71 * 15.96 28
30-090-2 555.50 555.50 555.50 * 46.33 3,479 23
30-090-3 754.00 746.85 754.00 * 38.98 * 30.82 36
30-100-1 476.50 435.56 476.50 * 67.40 * 87.16 867
30-100-2 484.50 414.33 484.50 * 60.78 * 110.98 128
30-100-3 1193.00 1193.00 1193.00 *33.16 * 18.74 38
40-060-1 898.50 860.45 898.50 *48.81 T 19.25 423
40-060-2 611.50 611.50 611.50 * 47.66 606 73
40-060-3 1217.00 1217.00 1217.00 *34.39 14.61 107
40-070-1 929.50 921.50 929.50 *56.17 731.93 1,084
40-070-2 706.00 706.00 706.00 * 58.09 * 17.07 261
40-070-3 1436.50 1390.73 1436.50 *40.74 T13.82 257
40-080-1 1202.50 1201.50 1202.50 *51.12 * 34.00 936
40-080-2 630.00 612.86 630.00 * 64.83 *55.72 474
40-080-3 1116.50 1075.15 1116.50 *53.42 *48.30 964
40-090-1 1720.00 1708.00 1720.00 *45.78 *22.84 575
40-090-2 661.00 638.00 638.00 *73.04 * 134.01 *46.15
40-090-3 896.50 749.50 749.50 * 60.55 * 15791 * 67.59
40-100-1 2091.00 2088.00 2091.00 * 44.24 T21.67 1,261
40-100-2 1350.00 1350.00 1350.00 *56.29 *77.42 *23.82
40-100-3 1345.50 1342.50 1342.50 * 58.87 *63.19 *20.95
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instances within the time limit. It is important to point out however that BARON is a general
purpose global optimization solver while our approach is clearly specialized to this prob-
lem type. Regardless, these results indicate the merit of studying particular structures within
mixed-integer nonlinear programming, as we have done here. In particular, one can see that
the development of appropriate polyhedral results can have a significant impact on the global
optimization of difficult nonlinear programming instances.

It remains to be seen how the results in this paper can be extended to handle general
constraints such as those in GenQP. Furthermore, the valid inequalities in this paper do
not account for the integer variables. Cutting planes that attempt to approximate both the
integrality and complementarity constraints are currently not available and require further
polyhedral study. We hope to develop these in future work.
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